We consider the nonlinear differential inclusion ( ) ∈ A ( ) + F ( ( )) where A is an -dissipative operator on a separable Banach space X and F is a multi-function. We establish a viability result under Lipschitz hypothesis on F , that consists in proving the existence of solutions of the differential inclusion above, starting from a given set, which remain arbitrarily close to that set, if a tangency condition holds. To this end, we establish a kind of set-valued Gronwall's lemma and a compactness theorem, which are extensions to the nonlinear case of similar results for semilinear differential inclusions. As an application, we give an approximate null controllability result.
Introduction
Let X be a Banach space, A : D(A) ⊆ X ; X an -dissipative operator and F : X ; X a multi-function. We consider the fully nonlinear differential inclusion ( ) ∈ A ( ) + F ( ( ))
The main goal of this paper is to establish a result of near viability with respect to C 0 -solutions of the differential inclusion (1) (see [17] , for similar notion). We recall that near viability means the existence of solutions which remain arbitrarily close to a given set starting from initial states in that set. The (exact) viability, which means the existence of solutions which remain in a given set starting from that set, was studied in [10] , for this system. O. Cârjȃ, M. Necula and I. I. Vrabie obtained there a necessary and sufficient condition for the viability of a set K with respect to (1) expressed in terms of a new tangency concept, when F is upper semi-continuous, weakly compact and convex valued and under compactness assumptions on the set K or on the semigroup generated by the -dissipative operator of complete continuous type A In the case when F is single-valued and locally Lipschitz, it was proved that the tangency condition implies viability, with no compactness on the semigroup (see [2] ).
Here, we show that, if the multi-function F is Lipschitz on X then the tangency condition introduced in [10] implies near viability of a set K ⊂ D(A) (see Definition 4.2, Section 4) without any compactness assumptions. Also, we do not require F to be convex valued, which is an essential condition for viability. To illustrate this, let us give an example in R 2 , taken from [9] . Let K be the closed unit ball in R 2 , A = 0 and F : K ; R 2 defined by F (ξ) = {(−1 0) (1 0)} for each ξ ∈ K . In this case the tangency condition holds and the set K is near viable (by Theorem 4.4), but it is easy to see that K is not viable with respect to A + F . For near viability in the convex case see [6] .
Another type of viability called approximate viability (approximate weak invariance in other terminology) was considered in [12] (see also [7, 8, 18] ). Approximate viability means the existence of approximate solutions which remain arbitrarily close to a given set starting from initial states in that set.
To our aim, we shall first give Filippov type results for the Cauchy problem
where A is an -dissipative operator on a Banach space X and F : [16] in the semilinear case. The fully nonlinear case was also considered by A. A. Tolstonogov in [19] , where a similar Filippov type result was obtained, but under stronger assumptions on the multifunction F than the ones from this paper. Also, results on the existence of solutions and variants of Filippov theorem, in Banach spaces with uniformly convex dual, were proved in [6, 13, 14] .
This kind of results originates in [15] , where A. F. Filippov considered the finite dimensional differential inclusion
F being a multi-function from [ 0 T ] × X into closed nonempty subsets of X . The author assumed that F (· ) is measurable for every ∈ X F ( ·) is ( )-Lipschitz on ( ) + βB a.e. on [ 0 T ] for some β > 0 and ∈ L 1 ( 0 T ; R + ), where ∈ W 1 1 ( 0 T ; X ) is a given absolutely continuous map and he proved an estimation of the distance between and the set of the solutions of (3) 
Here, we extend these results to the fully nonlinear case. Also, we prove the compactness of the set of solutions of (2) in the frame of reflexive Banach spaces under assumptions that the multi-function F is integrably bounded and thedissipative operator A is of complete continuous type and generates a compact semigroup. We give a so-called tracking property for the solutions of the differential inclusion (2) under the assumptions of the compactness theorem.
Finally, we apply the near viability theorem to get an approximate null controllability result, with no convexity or compactness assumptions.
Preliminary results
In this section we present some results which will prove useful in the paper.
Definition 2.1.
The function : 
See, e.g., [9, 20] for more details on C 0 -solutions. We shall denote by
The next existence result can be found, for instance, in [20] .
Theorem 2.2.
Let X be a Banach space and let A :
We denote by (· 0 0 ) :
We recall a well-known property of C 0 -solutions, that we shall use later. See, e.g., [9, 20] .
Theorem 2.3.
Let X be a Banach space, A :
Finally, we recall a compactness result useful in our study. See, for instance, [9, 20] . ) Our aim here is to estimate the distance from (·) to the set
Theorem 2.4.

Let X be a Banach space, let A : D(A) ⊆ X ; X be an -dissipative operator and let us assume that A generates a compact semigroup. Let ξ ∈ D(A) and let G be uniformly integrable in L
We shall assume that F satisfies the following hypotheses:
We state now a Filippov type result that will play a crucial role in the proof of the main result on near viability. The proof can be done by classical successive approximations, following the same lines as similar result in semilinear case in [16] , and we shall omit it.
Theorem 3.1.
Let X be a separable Banach space, let A : D(A) ⊆ X ; X be an -dissipative operator that generates a nonlinear semigroup of operators and F
The following result is an immediate consequence of Theorem 3.1, that shows the Lipschitz dependence of the solutions of (2) upon the initial states.
Corollary 3.2.
Let ( ) be a trajectory-selection pair of the differential inclusion
with the initial state ( 0 ) = 0 and assume that F verify (
Before stating the next result, we recall that an -dissipative operator A : D(A) ⊆ X ; X is of complete continuous type if for each fixed (
We have also the following compactness result regarding the set of C 0 -solutions of the fully nonlinear differential inclusion (2 
uniformly for ∈ [ 0 T ] As ( ) is uniformly integrable and X is reflexive, by Dunford -Pettis theorem, it follows that there exists ∈ L 1 ( 0 T ; X ) such that, on a subsequence at least, we have lim
weakly in L 1 ( 0 T ; X ) Since A is of complete continuous type, by (9) and (8), we conclude that
Now, following the same technique as in [16] , we obtain that ( ) ∈ F ( ˜ ( )) a.e. for
The proof is complete.
Remark 3.4.
We recall that A is of complete continuous type when A is linear (and -dissipative), also when X has a uniformly convex dual and A generates a compact semigroup. See, e.g., [9, p. 226 ].
The next result presents a "tracking" property for the C 0 -solutions of (2).
Theorem 3.5.
Assume that X is a reflexive separable Banach space, A : D(A) ⊆ X ; X is an -dissipative operator of complete continuous type which generates a compact semigroup and F : [0 T ] × X ; X is a nonempty, closed, bounded and convex valued multi-function. Let
with the initial state (10) with the initial state 0 , such that
for all ∈ [0 T ] Proof. By Theorem 3.1, applied for δ = 0 − 0 , we obtain that for every ε ∈ (0 1), there exist (·) a C 0 -solution of the differential inclusion (10) 
for all ∈ [0 T ] Proceeding as in the proof of Theorem 3.3, we obtain that there exist a subsequence of ( ) which is convergent to some ∈ C ([0 T ]; X ) and a subsequence of ( ) which converges weakly in L 1 (0 T ; X ) to some ∈ L 1 (0 T ; X ) and that ( ) = ( 0 0 ), hence ∈ [0 T ] ( 0 ) Passing to the limit in (12), we obtain that (11) holds for all ∈ [0 T ] The proof is complete.
Near viability
In this section we give an application of Filippov type result obtained in Section 3 to the near viability of a set K ⊂ D(A) with respect to the differential inclusion (1). Before stating the main result of this section, we need some preliminary results.
Let E ⊆ X be nonempty and bounded. We denote by
Let K be a subset in X and ξ ∈ K . The set E ⊆ X is A-quasi-tangent to the set K at the point ξ if we have
where
This tangency concept was introduced by O. Cârjȃ, M. Necula, I. I. Vrabie in [10] . For related tangency concepts in the semilinear case see [9, 11] . We denote by QTS A K (ξ) the class of all A-quasi-tangent sets to K at ξ ∈ K . The following characterization is useful below. for any ∈ N An important tool in the proof of the main result of this section is the following lemma from [10] (see also [9] ). 
Lemma 4.3.
Let X be a Banach space, A : D(A) ⊆ X ; X an -dissipative operator, K a nonempty and locally closed subset in D(A) and F : K ; X a nonempty-valued, locally bounded multi-function satisfying the tangency condition
We give now the main result of this section, which states that the tangency condition introduced in [10] assures the near viability of a locally closed set, if F is Lipschitz on bounded sets, under no convexity or compactness assumptions. We mention that, when F has convex values there are given results on exact viability in [9, 10] .
Theorem 4.4.
Let X be a separable Banach space, A : D(A) ⊆ X ; X an -dissipative operator, K a nonempty and locally closed subset in D(A) and F : X ; X a nonempty, closed and bounded-valued multi-function, that is Lipschitz on bounded sets and satisfies the tangency condition (13) for each ξ ∈ K . Then K is nearly C 0 -viable with respect to A + F
Proof. Let λ > 0 and ξ ∈ K Let ρ > 0 T > 0 and M > 0 given as in Lemma 4.3.
As F is Lipschitz on bounded sets, it follows that, for := B(ξ T + ρ + 2) there exists L > 0 such that
for all 1 
for all ∈ [0 T ] Therefore, by (ii),
for all ∈ [0 T ] Moreover, using (iii) and (15), we conclude that
Now, we shall apply Theorem 3.1 for and above. Clearly, (H 1 ) holds. In addition, ( ) + B ⊆ for all ∈ [0 T ] so (H 2 ) holds too. Moreover, the multi-function F ( (·)) is measurable, the function (·) is measurable, so → dist( ( ); F ( ( ))) is also measurable and, by (16), we get that → dist( ( ); F ( ( ))) belongs to L 1 (0 T ) Hence, (H 3 ) is satisfied. According to Theorem 3.1 and using (16) , there exists (·) a C 0 -solution of (1) with (0) = ξ such that
for all
Finally, by (ii), (15) and (17), we have
for any ∈ [0 T ] and, by the choice of ε we obtain that
In what follows we shall give a version of Theorem 4.4, where the time T is independent of the initial state ξ To this aim we first establish a refined version of Lemma 4.3. More exactly, under the hypotheses of Lemma 4.3, if we assume moreover that K is a closed set and F has a linear growth, namely there exists a constant > 0 such that
for all ξ ∈ K we obtain the following result. We define the function : → R by (α ) = µ which clearly is increasing on . Now let ((α )) be an increasing sequence in . We show that it is bounded from above in . Let
and (µ * ) = η where η ∈ X is arbitrary but fixed. We show that ( ) ≤ M a.e. for ∈ 0 µ for some M > 0 To this end, let ∈ N be fixed. By (c), (e) and (18) we have that ( ) ≤ 2 + ( ) a.e. on 0 µ By (d) we obtain that
a.e. on 0 µ . Moreover, by Theorem 2.3, using (19) we have
for all ∈ 0 µ Consequently, by Gronwall Lemma, we deduce that 
Clearly α, and satisfy (a), (b), (c), (e) with T instead of T Also, it is easy to see that (d) holds for ≤ ≤ µ and for µ < ≤ Let now < µ ≤ and by Theorem 2.3 and condition (d), which holds on both [0 µ] and µ T we have
and µ < T which leads to a contradiction. The proof is complete.
Now we can state the following result. 
Approximate null controllability
Let be a separable Banach space, : D ( ) ⊆ ; an m-dissipative operator and G : ; a given multi-function. We consider the control system
where 0 ∈ D ( ).
A problem of great interest is to find a solution of (20) that steers 0 into the origin in a finite time, called null controllability. It is proved in [1] that, when * is uniformly convex, the control system ( ) ∈ ( ) + ( ), where the control satisfies the constraint ( ) ∈ a.e., is null controllable. The approach is to provide a feedback law of type ( ) = − ( )/ ( ) . This technique was also used in [3] for linear systems and in [5] for the semilinear case. For other results on constraint null controllability see [4] .
Here, we prove an approximate null controllability result for the control system (20) , under a Petrov-like condition, which works in separable Banach spaces, without requiring to have uniformly convex dual. 
Consider the space X = × R the operator A = × 0 the closed set
and the multifunction F : X ; X defined by
for every ( ) ∈ K Clearly, F is nonempty closed and bounded valued multi-function, Lipschitz on X . We shall apply Theorem 4.6. To this end, we shall prove that the tangency condition
holds for every ( ) ∈ K Let us fix ( ) ∈ K such that = 0 We show that there exist the sequences ( ) ⊆ R can be transferred near the target in a time T ≤ 0 , which is the limit for L → 0 of the right hand side of (24).
